It is well known that the modulus of a doubly connected Riemann surface can be determined by the length-area method, that is, the method of extremal length, and that the extremal metric can be expressed in terms of a quadratic differential. Ahlfors introduced a related method based on the comparison of geodesic curvature and area. We show that the modulus of a doubly connected Riemann surface can be obtained by means of this geodesic curvature-area method. In the important special case in which there is a restriction on the curvature of the metrics, we identify all extremal metrics; they have constant curvature.
Introduction.
A comparison of length and area has led to many important results in complex analysis. This method is based upon the fact that length and area are invariant under a conformal mapping when the metric undergoes a corresponding transformation. Ahlfors [2] considered a third conformally invariant quantity: geodesic curvature. He initiated a program based on the comparison of geodesic curvature and area. He presented the basic principles of the method and applied it to one simple case -the problem of estimating the conformal radius of a simply connected region. This is equivalent to estimating the hyperbolic metric on a simply connected region. He obtained explicit, sharp upper and lower bounds. The method is limited to smooth metrics. By making use of other methods, Minda [5] extended the upper bound to the class of SK(k) metrics.
The work of Ahlfors indicates that the method has a wider range of applicability. But it is not clear that it will lead to equally explicit results in other situations. We apply the geodesic curvature-area method to the next simplest problem -estimation of the modulus of a doubly connected surface -and obtain an explicit, sharp upper bound.
Conformal metrics.
In this section we gather together some basic facts concerning conformal metrics on Riemann surfaces. We adopt the convention, to be in effect for the remainder of the paper, that all metrics are positive and of class C 2 . Let X be a Riemann surface and p(z) \ dz \ a.
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metric on X. The (Gaussian) curvature of this metric is defined to be Let D = {z:|z|<l). The Poincare hyperbolic metric on D is 2\dz\ it has constant curvature -1.
The pull-back of a metric via an analytic mapping is an important concept. Suppose /: Y -* X is a locally schlicht analytic function and p(z) I dz I is a metric on X. The pull-back to Y via/of p(z) \ dz | is a metric on y denoted by /*(p(z)|rfz|). In case X and y are plane regions, /*(p(z)|dz|) = ρ(/(z))|/'(z)||dz|. For Riemann surfaces an analogous formula holds, but it is necessary to work with local coordinates. It is elementary to verify that κ(/(z),p) = κ(z,/*(p)).
In particular, curvature is a conformal invariant. If γ is a path on y, then ff*{p(z)\dz\)=f p(z)\dz\. Finally, we introduce the hyperbolic metric. Let X be a hyperbolic Riemann surface; that is, the unit disk D is the universal covering surface of X. The hyperbolic metric λ x (z) | dz | on X is the unique metric with the following property: if m\ D -» X is any analytic universal covering projection, then π*(λ x (z)\dz\) = λ Ό (z)\dz\. Thus, λjr(z)|dz| has constant curvature -1. Let Ω(r) = {z: \/r <|z|< r}, where 1 < r < oo. The hyperbolic metric onΩ(r) is 2 log r l z I cos((iw log | z |)/log r) " 3. Standard metric for a doubly connected surface. Let A be a proper doubly connected Riemann surface. That is, X is conformally equivalent to Ω(r) for some r E (1, oo). The modulus of Jί is defined to be mod( X) = (l/2ττ)log r 2 and it is a conformal invariant. We shall specify a standard metric of constant curvature 0 on X. Let γ 0 be any generator of the fundamental group of X and % the family of all closed curves γ on X which are freely homotopic to γ 0 . Fix a positive number a. A metric σ( z) I dz I on X is called admissible if (1) for all locally rectifiable y &%. This is equivalent to asserting that (1) holds for any locally rectifiable path γ which generates the fundamental group of X. Let where the infimum is taken over all admissible metrics. A very special case of a result of Jenkins [4] implies that there is a unique real-analytic extremal metric σ a (z) | dz | for this problem. It has the form | Q a (z)
where Q x (z) dz 2 is a holomorphic quadratic differential, the metric σ x (z)\dz\ is locally euclidean and has constant curvature zero. It is not difficult to show that σ x (z)\dz\ is independent of the choice of generator of the fundamental group of X. Also, this standard metric is a conformal invariant; that is, if/: X -> Yis a conformal mapping of proper doubly connected surfaces, then /*(σ y (z) \dz\) = σ x (z)\dz\. In particular, σ x (z)\dz\ is invariant under the group Aut(A') of conformal automorphisms of X.
It is known that 1 \dz\ recall that \dz\/\z\ is the logarithmic metric on the punctured plane C\{0}.Then (2) A σ jΏ(r)) = jj σ 2 {r) dxdy = ± log r 2 = mod β(r).
Ω(r)
Now, assume that Xis a proper doubly connected surface and/: X -> Ω(r) is a conformal mapping. Then σ x (z)\dz\ = /*(σ Ω(r) (z)|ί/z|). Due to the conformal invariance of the quantities involved, we conclude that mod( X) -A σ (X) from (2). Thus, mod(X) <A σ (X) for any metric σ(z)\dz\ admissible for a -1 with equality only if
There is a simple relationship between σ x (z)\dz\ and the hyperbolic metric.
LEMMA. Let X be a proper doubly connected Riemann surface and λ x (z)\dz\the hyperbolic metric on X. Then 
(x) = {j$Φ(t)dt and Ψ(x) = tfdt/(A(t) + a 2 ). If p(z)\dz\<Ξ T(a) and G p (3Ω) > Φ(i4 p (Q)) for all admissible regions Ω, then mod(X)<Ψ(A p (X)).
Proof. In view of the conformal invariance of the quantities involved, we may assume from the outset that X = Ω(r) for some r e (1, oo). The condition that p(z)\dz\E T(a) becomes (4) log β for all admissible paths γ. We slit Ω(r) along the negative real axis to obtain a simply connected region Ω
(r). Then z{w) -exp(w) is a conformal mapping of the rectangle Q(r) -[w -u + iv: \u\< logr, \v\< π) ontoΩ(r). Letσ(w)|d>v| = exp*(p(z)|dz|). Explicitly, ρ(z(w)) -e~uσ(w).
The path y(v) = exp(a ), -π < v < π 9 is admissible and inequality (4) becomes
For ί6[0, log r) the region Ω(e') is admissible. The area of Ω(e') is
Ω(e)
J -' J -« Also, the total geodesic curvature of the positively oriented boundary By making use of inequalities (6) and (7) we find that
G(t) = G p {dQ(e')) = f *d\ogp(z)
Assume that (8) Then we obtain and the choice u = log r establishes Theorem 1 in this case. In order to complete the proof of Theorem 1 we demonstrate (8). For x andy positive we have the elementary inequality
Thus

-B(ε)
Since A'(t) >: e β(/) >: e 5(0) , the second factor in the integrand is nonnegative. The generalized mean value theorem for integrals yields η E (0, ε) such that
fφ(A(t))[e-B <®A'(t) ~ l] dt -\]fφ(A(ή) dt
Because Λ'(^ί(ε)) = ceding work.
), the limit (8) follows easily from the pre-
5.
Sharpness. We now demonstrate that the upper bound given in Theorem 1 is sharp in the important case when there is a restriction on the curvature of the metric. We begin by reformulating Theorem 1 in this situation. Suppose p(z)\dz\ is a metric on X and /c(z, p) < -k 9 where k > 0. If Ω is any admissible doubly connected subregion, then the Gauss-Bonnet Theorem gives Observe that * k (x) < %{x) for x > 0 and k > 0 and that % -> % pointwise as k -> 0. We restate Theorem 1 in this context. Thus, p a (z) I dz I is an extremal metric for k = 0. Now, we turn to the case in which k > 0. We begin by demonstrating that if ρ(z) I dz | e Γ(α) and κ(z, p) < -fc, then (9) a* /fc mod(Ω(r))'
Let γ denote the positively oriented unit circle. Then for z E γ
Now, yfkp has curvature at most -1, so Ahlfors' extension of Schwarz' lemma [1] implies that \/& p < λ Ω(r) . Therefore, for z6y, Since γ has length 1 relative to σ a(r) (z)\dz\ and p(z)\dz\E Γ(α), we obtain the desired result. Fix k > 0. Then inequality (9) implies that we may select R E [ r, oo) so that
\dz\ is defined on Ω(r) and has constant curvature -k. Also,
a. {klogR
This imphes that p a (z)\dz\E: T(a) since any path in Ω(r) having index ± 1 with respect to the origin has length at least 1 relative to σ Ω(r) (z) \dz\. Direct calculation gives so that
mod(Ω(r))
Thus, ρ α (z) I rfz I is an extremal metric.
The preceding work also implies that the extremal metric ρ a (z)\dz\ for any k >: 0 has an extremal area property analogous to that of σ a (z)\dz\ mentioned in §3. If ρ(z) \ dz |E Γ(α) and κ(z, p) < -fc, then we have Because Ψ k is increasing, we obtain (10) A^X)< A careful analysis of the proof of Theorem 1 in the special case Φ = Φr eveals that p a (z)\dz\ is the unique extremal metric, so we actually have strict inequality in (10) unless p{z)\dz\-p a (z)\dz\. This is an exact analog of the result for o a (z)\dz\.
6. Open question. At the end of section 5 we tried to stress the analogy between the extremal metrics o a (z)\dz\ and p a (z)\dz\. Precisely, let X be a proper doubly connected Riemann surface. If σ(z)\dz\ is a metric on X and J γ σ(z)\dz\>:a for any generator γ of the fundamental group of X, then A σ £X) <A a (X) with equality only if σ(z)\dz\ = σ a (z) I dz I. On the other hand, if ρ(z) \ dz | is a metric on X with κ(z, p) < -Λ ^Oand (11) logα< flog°x ( z )
for any generator γ of the fundamental group of X, then A^X) < A p (X) with equality only if p(z)\dz\ -p a (z)\dz\. Does this same conclusion follow if we replace inequality (11) by j y p(z)\dz\> a for any admissible path γ? Observe that if γ has length 1 relative to σ x (z)\dz\ 9 then inequality (11) implies this inequality. Of course, an affirmative answer to this question would yield an even closer analogy between the extremal metrics o a (z)\dz| and p a {z)\dz\.
Added in proof. The question raised in section 6 has been answered affirmatively for the wider class of SK(k) metrics by using the length-area method in conjugation with an isoperimetric inequality (D. Minda, The modulus of a doubly connected region and negatively curved metrics, Complex Variables Theory AppL, to appear).
